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Abstract 

In this paper we prove the existence of a trajectory attractor (in the sense of V.V. 
Chepyzhov and M.I. Vishik) for a nonlinear PDE system coming from a 3D liq- 
uid crystal model accounting for stretching effects. The system couples a nonlinear 
evolution equation for the director d (introduced in order to the describe the pre- 
ferred orientation of the molecules) with an incompressible Navier-Stokes equation 
for the evolution of the velocity field u. The technique is based on the introduction 
of a suitable trajectories space and of a metric accounting for the double- well type 
nonlinearity contained in the director equation. Finally, a dissipative estimate is 
obtained by using a proper integrated energy inequality. Both the cases of (homo- 
geneous) Neumann and (non-homogeneous) Dirichlet boundary conditions for d are 
considered. 
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1 Introduction 



In this paper we prove the existence of a trajectory attractor for the following PDE system 



in Q x (0, T), where Q is a bounded smooth domain in M 3 . 

The first equation is a momentum balance ruling the evolution of the velocity field 
u (p denotes the pressure of the system and h is an external body force), relation (11. 3p 
represents the incompressibility constraint, while (11.2j) describes the dynamics of the di- 
rector field d, which represents here a vector pointing in the preferred direction from 
the molecules at a neighborhood of any point of our domain. The nonlinear function W 
stands for a relaxation of a constraint that should be imposed on the unitary vector d, 
whose modulus should be equal to 1. In order to relax this non-convex constraint, we 
introduce the double well potential W, which is a regular potential with some coercivity 
properties (cf. next Section I2TT1 for the precise assumptions on W). For example the clas- 
sical double well potential W (d) = (|d| 2 — l) 2 is included in our analysis, but also a more 
general growth is admitted. The constant v is a positive viscosity coefficient, a G [0, 1] 
is a parameter related to the shape of the liquid crystal molecules. For instance, the 
spherical, rod-like and disc-like liquid crystal molecules correspond to the cases a — |, 1 
and 0, respectively. 

Concerning the notation, Vd represents the gradient with respect to the variable d. 
Vd Vd denotes the 3x3 matrix whose (z, j)-th entry is given by Vjd • Vjd, for 
i < h j < 3, and stands for the usual Kronecker product, i.e., (u u)^ := u^Uj, for 
i,j = 1, 2, 3. Finally, V T indicates the transpose of the gradient. 

Equations (ll.l]) - (ll.3|) come from a model introduced in [21] in order to describe the 
evolution of liquid crystal substance under constant temperature (i.e. in the isothermal 
case). This system is obtained as a correction to a simplification of the celebrated Leslie- 
Ericksen model (cf. the pioneering papers [HI US]) proposed in [16]. In [TB] the authors 
proposed a model in which the stretching terms ad • Vu + (1 — a)d ■ V T u simply were 
neglected. Coutand and Shkoller [7] proved a local well-posedness result for a model where 
the stretching term in equation ( II. 2p was present, but, exactly due to the presence of the 
stretching term, the total energy balance does not hold in that case. To overcome such 
an inconvenience, Sun and Liu proposed in [23] a variant of the Lin and Liu model [16] 
in which not only the stretching term is included in the system, but also a suitable new 



u t + div(u <g> u) + = div(i/(Vu + V T u)) - div(Vd Vd) 
- div(a(Ad - V d W(d)) d - (1 - a)d (Ad - V d W(d)) + h, 
d t + u ■ Vd - ad • Vu + (1 - a)d • V T u = (Ad - V d W(d)), 
div(u) = 0, 



(1.1) 
(1.2) 
(1.3) 
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component is added to the stress tensor. Hence, the stress tensor T results as the sum of 
the standard stress tensor § = v(Vu + V T u) and a new stretching term, i.e. 

T = § — Vd Vd — a(Ad - V d W(d)) <g> d + (1 - a)d ® (Ad - V d W(d) . 

The resulting model ( II . 1 [) — ( fXT3|) has been subsequently analyzed both from the point of 
view of existence of strong solutions and also of their long-time behavior in the paper [25] . 
where (as in [21]) the authors explicitly manifest the impossibility of proving the existence 
of solutions for a standard weak formulation of the problem due to the nonlinearity of 
the stretching term and of lack of maximum principle for equation p.2j) . and so of an 
L°°-estimate for d. 

In [3] , properly choosing the space of the test functions in the weak momentum equa- 
tion, the existence of well-defined weak solutions for the system f ll.ip - fll.3p is rigorously 
derived and an integrated energy inequality is obtained. It's worth noting that the unique- 
ness of such solutions in the 3D case, but also the proof of regularizing effects even in the 
2D case, are not known yet, while the existence of weak solutions for the corresponding 
non-isothermal system has been recently proved in [TUj . 

This results contained in the paper [3] are our starting point in order to perform 
the analysis on the long-time behavior of solutions. As in [3] we consider both Neu- 
mann boundary conditions for d (cf., e.g., [18] where it is pointed out that the Neumann 
boundary conditions for d are also suitable for the implementation of a numerical scheme) 
and non-homogeneous Dirichlet ones, while for u we take into account only homogeneous 
Dirichlet boundary conditions. For the resulting Cauchy boundary value problem we 
prove the existence of a trajectory attractor in the sense of V.V. Chepyzhov and M.I. 
Vishik (see [IE]). 

We point out that, due to the lack of uniqueness of solutions, the choice of the notion 
of attractor is essential. Indeed, there are two main approaches when one deals with 
dissipative systems without uniqueness (see also [8] for a nonstandard analysis method). 
The first one is based on the theory of global attractors for semigroups of multi-valued 
maps (see 0, [BJ1 [2U] and also, for 3D incompressible Navier-Stokes, [U EJ [TU [T7] and 
references therein). The second more geometric approach consists in working in a phase 
space made of trajectories with the translation semigroup acting on them. Since the 
translation semigroup is single-valued, one can then rely on the results from the classical 
theory of attractors (see [5311] and also [TT] and [23]). In this paper we apply the second 
approach which seems more effective when the external forces are time dependent. 

We essentially prove two types of results. The first one leads to a "weaker" definition 
of trajectory attractor, but it holds true for quite general potentials W . The second one 
leads to the standard definition of trajectory attractor in the sense of V.V. Chepyzhov 
and M.I. Vishik, but it holds true only for polynomially fast growing potentials W. In 
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the first case, in order to prove the existence of the trajectory attractor under quite 
general assumptions on the potential W (a C 2 function which is the sum of a convex and 
"coercive" part and of a possibly non-convex part with Lipschitz continuous derivative), 
we generalize the result 0, Thm.3.1] showing that it is not necessary to prove the closure 
of the space of trajectories in the local topology in order to obtain the existence of the 
trajectory attractor. 

The closure property only better characterizes the trajectory attractor. Moreover, we 
subsequently prove it under more restrictive assumptions on the potential, which however 
are still satisfied by the classical double- well potential W (d) = (|d| 2 — l) 2 . In the second 
case, instead, the trajectory space is defined in order to take into account of the polynomial 
growth assumed on the potential W. In this case, we can immediately prove the closure 
of the trajectory space, leading to the standard definition of trajectory attractor in the 
sense of V.V. Chepyzhov and M.I. Vishik, without any adjoint request on W. Let us 
notice that in both cases the metric introduced on the subset of the trajectory space 
(suggested by the energy estimate) explicitly depends on the potential W. This turns out 
to be meaningful in nonlinear models (cf., e.g., [22J where the phase space was explicitly 
depending on the nonlinearities of the problem too). 

Regarding other contributions in the literature on the long-time behavior of solutions 
for this system accounting for stretching terms, we can quote two recent papers: [13], 
where the authors prove the existence of a finite-dimensional global attractor in the 2D 
case and [2T] in which the authors prove - via Lojasiewicz-Simon techniques - the conver- 
gence of the trajectories to the stationary states under suitable conditions on the data, 
which are different in the 2D and 3D cases. 

Plan of the paper. We split the rest of the paper in three parts: in Sections [2] and 
[3] we prove, respectively, the existence of the trajectory attractor for (jl.ip — (jl.3j) in the 
case of homogeneous Neumann and non-homogeneous Dirichlet boundary conditions for 
d, finally in the last Section H] some further properties of the trajectory attractor are 
studied. More specifically, in Subsection I2.1[ we shall introduce some notation and recall 
the main results concerning system (jl.ip - (jl.3j) . which are proved in [3] and regarding the 
general theory of trajectory attractors introduced in [I]. Subsections 12. 2\ 12.31 and Section 
[3] are devoted to the main results of the paper (Theorems [HJ @] and E]), where the existence 
of the trajectory attractor for (jl.ip — (jl.3p is established under different functional settings, 
assumptions on the potential and boundary conditions for d (homogeneous Neumann or 
non- homogeneous Dirichlet). 
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2 The case of homogeneous Neumann boundary con- 
ditions for d 



In this section we deal with a suitable weak formulation of the PDE system ( ll.lHl.3p 
coupled with Neumann homogeneous boundary conditions for d and Dirichlet homoge- 
neous ones for u. First, in Subsection 12.11 we introduce some notation and preliminary 
results which we recall for reader's convenience, then, in Subsections 12.21 and I2.3[ we state 
and prove our main results: the existence of the trajectory attractor under two different 
assumptions on the potential W in (11.21) . 

2.1 Notation and preliminaries 

Let us introduce the classical Hilbert spaces for the Navier-Stokes equation 

G dlv := [{u G C™(Q) 3 : div(u) = 0}] LW , 

and 

V dlv := {u G # W : div(u) = 0}. 

We denote by (-, •) and || • || the scalar product and the norm, respectively, both in L 2 (Q) 
and in L 2 (Q) 3 . We also set V := /7 1 (f2) 3 and the duality between a Banach space X and 
its dual X' will be denoted by (•, •). The space Ydiv is endowed with the scalar product 

( u > v )v dl „ := (Vu, Vv), Vu, v G V div . 

We shall also use the first eigenvalue of the Stokes operator A with no-slip boundary 
condition. Recall that A : D(A) C Gdiv ~~ >* Gdiv is defined as A := —PA with domain 
D(A) = H 2 (Q) 3 fl ~V div , where P : L 2 (fi) 3 — > Gdiv is the Leray projector. Notice that we 
have (Au,v) = (u, v)v div , for all u G D(A) and for all v G V^, and that A" 1 : Gdiv ~^ 
Gdiv is a self-adjoint compact operator in Gdiv Thus, according with classical spectral 
theorems, it possesses a sequence {Xj} with < Ai < A 2 < • • • and \j — > oo, and a family 
{wj} C D(A) of eigenf unctions which is orthonormal in Gdiv 

Let X be a Banach space and 1 < p < oo. We shall denote by -£^(0, oo; X) the space 
of translation bounded functions in Lf oc ([0, oo); X). We recall that / G -^(0, oo; X) iff 

rt+l 

H/llk([0,oo)iX) := SU P / ll/( T )llx^ < OO. 
ifcU ' ' t>0 Jt 

Furthermore, L p loc ^([0, oo); X) will stand for the space of functions in Lf oc ([0, oo); X) 
endowed with the local weak convergence topology, i.e., a sequence {/„} converges to / 
in Lf oc> J[0, oo); X) iff f n - / weakly in L p (0, M; X), for every M > 0. 
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We are ready now to recall from j3] the weak formulation of the PDE system f ll.ip - fll.3p 



which we complement with the following boundary and initial conditions 

u = 0, onrx(0,T), (2.4) 

d n d = 0, onrx(0,T), (2.5) 

u(0) = u , d(0) = d , in O. (2.6) 



Definition 1. A couple w = [u, d] is a weak solution to system (11. II) - (12.51) corresponding 
to the initial data u , d if u, d are such that 

u G L£([0, oo); G dlv ) n LL([0, oo); V div ), (2.7) 

u t eLU[0,oo);W^ 2 (n)% (2.8) 

d G L&([0, oo); V) n Lf oc ([0, oo); #W), W(d) G ££([0, oo); L 1 ^)), (2.9) 

d,GLL([0,oo);L 3 /W), (2.10) 



u ; d satisfy the boundary and initial conditions (12.51) . (12. 6p . £ne equation (11. 2p zs satisfied 
a.e. in Q x (0,T) and we aat>e 

(ut,y>)- / u<g}u:Vy? + / z/(Vu + V T u) : Vip 
Jn Jn 

= / (Vd0Vd):V^ + a / (Ad - V d W{d)) ®d:V<p 
Jn Jn 

- (1 - a) [ d ® (Ad - V d W(d)) : Vy? + (h, if), (2.11) 

for a.e. t > and /or every G W ' 3 (tt) 3 with div(y) = 0. 

In [3] the existence of a global in time weak solution is proved under the following 
assumptions on the potential W 

W G C 2 (M 3 ), W > 0, (2.12) 
W^Wi + W* with W± convex and W% G C 1 ' 1 (1R 3 ), (2.13) 

and on the external force h 

hGLf oc ([0,oo);V' d J. (2.14) 
Namely, from [3] we recall the following 

Theorem 1. Suppose that (12. 12[) - (12.141) are satisfied and let the initial data be such that 

u G V div , d G V, W(d ) G L 1 ^). (2.15) 
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Then, problem fll.ip - fll.3l) . fl2.4p - fl2.6p admits a global in time weak solution w := [u, d] 
on [0, oo) corresponding to uq, do and satisfying the following energy inequality 

S(w(t)) + J (|| - Ad + V d W/(d)|| 2 + z/||Vu|| 2 )dr < E (w(s)) + J (h,u)dr, (2.16) 

for all t > s, for a.e. s G (0, oo), including s = 0, where 

^(w):=i||u|| 2 + i||Vd|| 2 + ! W(d), w=[u,d]. (2.17) 

Remark 1. The regularity of the test function (p can be justified by the regularity prop- 
erties of the solution which imply that 

u®u, VdOVd, (Ad- V d W(d)) ®d G L 2 OC ([0, oo); L 3/2 (fi) 3x3 ). 

Their divergence is therefore in Lf oc ([0, oo); iy _1,3 / 2 (n) 3 ). 

Let us resume some basic definitions and results from the theory of trajectory attrac- 
tors for non-autonomous evolution equations due to Chepyzhov and Vishik (see [U Chap. 
XI and Chap. XIV] and [5\ for details). 

Consider an abstract nonlinear non-autonomous evolution equation with symbol a in 
a set E. The symbol a is a functional parameter which represents all time-dependent 
terms (like external forces) and coefficients of the equation. 

The solutions are sought in a topological (usually Banach) space Wm which consists 
of vector- valued functions w : [0, M\ — > E, where E is a given Banach space. The 
space Wm is endowed with a given topology 9m, such that (Wm,@a/) is a Hausdorff 
topological space with a countable base. By means of Wm the space W^ c is defined as 
W^ c := {w : [0, oo) — > E : IT[ 0i m]W G Wm, for all M > 0}, where IT[ 0j m] is the restriction 
operator on the interval [0, M\. The space W^ c is endowed with a local convergence 
topology 0^ c , i.e., the topology that induces the following definition of convergence for a 
sequence {w n } C W^ c to w G W^ c 

w n w in 6^ c if U[ 0>M ]W n -> H[o,M]W in 6 M , 

for every M > 0. It can be seen that the space (W^ c , Qi oc ) is a Hausdorff topological 
space with a countable base. 

For each o G £ let us denote by /C^ the set of some solutions from Wm and by /C+ 
the set of some solutions from W^ c . The set /C+ is said to be a trajectory space of the 
evolution equation corresponding to the symbol o G E. 

Now, let W^ be a subspace of Wf^ c and assume that a metric p w + is defined on W^ 1 ". 
Assume also that /C+ C W^, for every a G E. 
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Recall that the family of trajectory spaces {/Cjr} CTg 2 is said to be translation-coordi- 
nated (tr. -coord.) if for any a G E and any w G /C+ we have T{t)w G ^^(t)^ for every 
t > 0. The symbol space E is assumed to be invariant with respect to the translation 
semigroup {T(t)}, i.e., T(t)E C E, for all t > 0. 

Consider the united trajectory space /C^ := U CTe s/C+ of the family {JC+} a£ Y- We have 
IC^ C and if the family {/C+} CTe s is tr.-coord. then we have T(t)K,^ C /C^, for every 
t > 0, i.e., the translation semigroup {T(t)} acts on /C^. 

Introduce now the family 

£>2 := {£> C /Cjt : 5 bounded in w.r.t. the metric 

Definition 2. ^4 set P C W^ c said to be a uniformly (w.r.t. cr G SJ attracting set for 
the family {/Cjr} CTe £ in the topology G^ c if P is uniformly (w.r.t. a 6 Ej attracting for 
the family B^, i.e. for any B G £>J and for any neighbourhood O(P) in G^ c there exists 
t x > snc/i tfiat T(t)B C O(P), /or every t > t x . 

Definition 3. A set Ay, C W^ c said to be a uniform (w.r.t. a G Ti) trajectory attractor 
of the translation semigroup {T(t)} in the topology 0^ c if As is compact in Q^ oc , Ay, is a 
uniformly (w.r.t. a G T,) attracting set for {K,+} al =Y in the topology 0^ c , and Ay is the 
minimal compact and uniformly (w.r.t. a G T,) attracting set for the family {K.^} ae Y in 
the topology Q^ oc , i.e., if P is any compact uniformly (w.r.t. o G T,) attracting set for the 
family {K,+} a€ Y, then Ay C P. 

From the definition it follows that, if the trajectory attractor exists, then it is unique. 

In order to prove some properties of the trajectory attractor we need the set /C£ to be 
closed in 6^ c . Assume that E is a complete metric space. Recall that the family {/C+} CTe s 
is called (0^ c , E)— closed if the graph set U CTe £/C+ x {°~} is closed in the topological space 
6^ c x S. If {/C+jo-eE is (0^ c , E)— closed and E is compact, then /C£ is closed in 0^ c . 

By applying [4, Chap. XI, Theorem 2.1] to the topological space W^ c , to the family 

and to the family 

£Tj"(£) := {B C : B bounded in w.r.t. the metric p w +}, 

where := ^a-eui^K-t and where w(E) is the u— limit set of E, we can state the 

following (see also Theorem 3.1] and [U Chap. XIV, Theorem 3.1]) 

Theorem 2. Let the spaces (Wit., ®? oc ) and (W b f ,p vv +) be as above, and the family of 
trajectory spaces {K,~^} a< =Y corresponding to the evolution equation with symbols a G E be 
such that /C+ C , for every a G E. Assume there exists a subset P C W^ c which is 
compact in G^ c and uniformly (w.r.t. a G EJ attracting in 0^ c for the family {/Cjr}o- e £ in 
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the topology 0^ c . Then, the translation semigroup {T(t)} t >o (acting on /C£ if the family 
{/C+} CTeS is tr. -coord.) 

possesses a (unique) uniform (w.r.t. a G H) trajectory attractor As C P. If the 
semigroup {T(t)} t > is continuous in Q^ oc , then As is strictly invariant 

T(t)As = As, Vt > 0. 

In addition, if the family {K,^} ae s is tr. -coord, and (@f oc , E) — closed, with £ a compact 
metric space, then As C /C£ and 

As = A u (s), 

where A^s) is the uniform (w.r.t. o G oo(T?)) trajectory attractor for the family B^CS) and 

A;(E) C /C+ (s) . 

Now, let us suppose that a dissipative estimate of the following form holds 

p w +(T(t)w,w ) < A (p w +(w,^ ))e- fct + A 1 , Vt > t , (2.18) 

for every w G /C^, for some fixed w G and for some A : [0, oo) — > [0, oo) locally 
bounded and some constants Ai > 0, k > 0, where both A and Ai are independent of w. 
Furthermore, suppose that the ball 

Bw+iwo^Ai) := {w G W+ : p w+ (w,w ) < 2A X } 

b b 

is compact in 0^ c . By virtue of ( 12.1 8p such ball is a uniformly (w.r.t. a G £) attracting set 
for the family {/C+}o- 6 £ in the topology Qf oc (actually, B w +(wo, 2Ai) is uniformly (w.r.t. 
o~ G E) absorbing for the family £>^t). Theorem [2] therefore entails that the translation 
semigroup {T(t)} t > possesses a (unique) uniform (w.r.t. a G E) trajectory attractor 
.A E C B^wo^Ai). 

2.2 The trajectory attractor for a general smooth potential W 

We now apply the scheme described in Subsection 12.11 to system fll.ll) - fll.3l) coupled with 
boundary conditions fl2.4p - fl2.5p in order to prove the existence of a trajectory attractor 
for that system. 

For M > introduce the space 

W M :={[u,d] G L°°(0,M; G dm x V) fl L 2 (0, M; V div x H 2 (nf) : 

u t G L 2 (0, M; W _1 ' 3/2 (fi) 3 ), d t G L 2 (0, M; L 3/2 (fi) 3 )}, (2.19) 

endowed with the weak topology G m which induces the following notion of weak conver- 
gence: a sequence {[u m , d m ]} C Wm is said to converge to [u, d] G Wm m @m if 

u m ->> u weakly* in L°°(0, M\ G div ) and weakly in L 2 (0, M\ V div ), (2.20) 
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(u m ) t - u t weakly in L 2 (0, M; W^ 2 ^) 3 ), (2.21) 
d m d weakly* in L°°(0, M; V) and weakly in L 2 (0, M; H 2 (Q) 3 ), (2.22) 
(d m )t d t weakly in L 2 (0, M; L 3/2 (fi) 3 ). (2.23) 

Then the space 

W+ :={[u,d] G L-([0,oo);G^ x V) n L^([0, oo); V di „ x tf 2 (fi) 3 ) : 

u t G LL([0,oo); W-^(n)3) (d< G LL([0,oo);L 3 / 2 (fi) 3 )} (2.24) 

is defined, as well as the inductive limit weak topology 9^ c . 
In W^ c we consider the following subspace 

W 6 + :={[u, d] G L°°(0, oo; G div x V) n L 2 6 (0, oo; V di „ x # 2 (ft) 3 ) : 

u, G L 2 fe (0, oo; W- 1 ' 3 / 2 ^) 3 ), d t G L 2 ,(0, oo; L 3 / 2 (fi) 3 ), W(d) G L°°(0, oo; L 1 ^))}, 

(2.25) 

and on we define the following metric 

PW+( W 1' W 2) := ll W l - w 2||L°°(0,oo;G dll ,xV) + |Ki - W 2 || i 2 (( (o, OQ ;V <J< „Xff 2 (n)3) ( 2 -26) 

+ ||(ui)t - (u 2 )t|| i a i| (o i00 ;iv-i.3/2(n)3) + ||(di)t - (d 2 )t||i / 2 ij (o j oo;i3/2(n)3) (2.27) 

+ / W(dx) - / W(d 2 ) V2 , (2.28) 
Jn Jn l°°(o,oo) 

for every Wj = [u 1 ,di],w 2 = [u 2 ,d 2 ] G W 6 + . 

Definition 4. For every h G L 2 OC ([0, oo); V div ) the trajectory space JC^ of system (jl.lB - 
fll.3p . fl2.4p - fl2.5p wzi/i external force h is £/ie sei o/ a// weaA; solutions w = [u, d] o/ 
t/ws system with the regularity properties (12. 7p -f l2TT0|) /or u ; d ; and satisfying the energy 
inequality ( I2.16P /or all t > s and for a. a. s G (0, oo). 

The trajectory space /C^f on the bounded interval [0, M\ can be defined similarly, for 
every M > 0. 

Remark 2. Notice that in the definition of the trajectory space /C^ we do not assume that 
the energy inequality (I2.16P is satisfied also for s = 0. In this way the family {/C^jhes (S 
may be a generic symbol space included in L 2 OC ([0, oo); V^J) is tr. -coord, and therefore 
the translation semigroup {T(t)} acts on fC^. 

According to Theorem [TJ if f )2.12p and ( I2.13P hold, then, for every w = [u ,d ] such 
that 

u e\ dw , d GV, W{d Q ) G L\Q), (2.29) 
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and every h such that 

hGLL([0,oo);V^) (2.30) 

there exists a trajectory w £ K.^ for which w(0) = wo- 
Consider now 

h £L t 2 6 (0,oo;V' d J 

so that h is translation compact (tr.-c.) in Lf ocw ([0,oo);Y' div ) (see, e.g., [3J Proposition 
6.8]). For the symbol space £ we choose the hull of h in Lf ocw ([0, oo); ~V' div ) 

£ = H + (h ) := [{T(t)h , t > 0}] iLjw([0)OO ) ; v^) (2-31) 

which is a compact metric space. Recall (see [3 Proposition 6.9]) that every h £ H + (h ) 
is also tr.-c. in £ 2 OCj J[°> oo); V' div ) and 

l|h|| L?6{0 ,oo;V^) < ||ho|| L?b(0i00; v' di j, Vh £ H + (h ). (2.32) 

In order to prove the closure of the space of the trajectory attractor, we shall also 
assume that h is tr.-c. in L 2 OC ([0, oo); ~V' div ) or tr.-c. in L^ ocw ([0,oo);G div ). The latter 
condition is equivalent to the assumption that h £ L 2 b (0, oo; G^). It is not difficult to 
prove that the hull of ho with one of these assumptions (defined as in (12.3ip with the 
clousure in the above spaces) coincides with the hull ^+(h ) defined as in f)2.3ip . 

In order to state our first result on the existence of the trajectory attractor, we shall 
make the following assumption on the potential W 

(Wl) W satisfies (I2TT21 . (gH3J and there exist c > 0, c x > 0, c 2 £ R and 5 > such 
that 

W 1 (d) ^^(l + lVdiy^d)! 2 ), (2.33) 
Wtid) > Cl \d\ 2+5 -c 2 , (2.34) 

for every d £ M 3 . 

Let us now state the following Lemma which will be useful in order to prove our next 
main Theorem [31 

Lemma 1. Take assumption (Wl) on W , then there exist k,T),1 > (independent of 
d) such that 

|| - Ad + V d iy(d)f > K\\Vd\\ 2 +r) I W{d) - /, (2.35) 

Jq 

for all deH 2 (n) 3 , with d n d = on dtt. 
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Proof. Using (Wl), we have 

|| - Ad + V d Wi(d)|| 2 = || - Ad + df + ||d|| 2 - 2(d, -Ad + d) 

+ ||V d W 1 (d)|| 2 + 2(-Ad,V d W 1 (d)). (2.36) 

By means of (I2.33P we obtain 

||V d ^i(d)|| 2 > — I W x {d) - p\ . (2.37) 
Co Jn 

Moreover, using the convexity of W\ (which implies that (— Ad, V d Wi(d)) > 0) and the 
fact that ( jZ2D implies that Wi(d) > c 3 |d| 2 - c 4 , from fl2T36l) we get 

|| - Ad + V d Wi(d)|| 2 > ell - Ad + d|| 2 — ||d|| 2 + — I WAd) - M 

1-e coin 

> e Ci \\Vd\\ 2 + e( Ci — )||d|| 2 + - I WAd) - M 

\ 1-eJ c J c 



2 / C 3 J - 1 A A ll J ll 2 , 1 



>e Cl ||Vd|| 2 + hp--e (a-- ||d|| 2 + — / Wi(d)-c 5 

V2c V 1-eJJ 2c J n 

> e Cl ||Vd|| 2 + -L / W^d) - c 5 , (2.38) 
^ c o Jn 

provided e is chosen small enough. In (12.381) the positive constant q is such that 

Ci||d|| v < || - Ad + d||, 
for every d e H 2 (Q) 3 , with d n d = on <9fi. Now, from (I2.38P we have 

|| - Ad + V d IU(d)|| 2 > ~|| - Ad + V d WMd)|| 2 - ||V d ^ 2 (d)|| 2 

- fH Vd H 2 + -t I W ^ - ll V ^(d)f - |, (2.39) 

and observe that, due to (12.341) and to the assumption (12.131) on W 2 , we can choose r\ > 
such that 

-j^-Wi(d) - \V d W 2 (d)\ 2 > r)W(d) - Cr) , Vd e M 3 . 
4co 

We therefore get (I2.35P with k = eCj/2 and / depending on Q, W and with r\ depending 
on W only. □ 

In order to prove that the united trajectory space /C^ + ( ho ) is closed in 9^ c we shall 
also need the following growth assumption on W 

(W2) There exists b > such that 

W(d) < 6(1 + |d| 6 ), Vd G E 3 . 
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Remark 3. Notice that both assumptions (Wl) and (W2) are satisfied in the case of 
the physically interesting double-well potential 



W(d) = (|d| 2 - 1 



,2 



This function is usually assumed as a good smooth approximation for a potential pe- 
nalizing the deviation of the length |d| from the value 1, which is due to liquid crystal 
molecules being of similar size. 

We can now state our first main result 

Theorem 3. Let (Wl) holds and that h G L^ b (0, oo; V div ). Then, the semigroup {T{t)} 
acting on ( ho ) possesses the uniform (w.r.t. h G H + (h ) ) trajectory attractor Au + (h ) ■ 
This set is strictly invariant, bounded in W b and compact in 0^ c . In addition, if (W2) 
holds and h is tr.-c. in L 2 OC ([0, oo); V div ) or h G £ 2 fe (0, oo; G div ), then /C^ + ( h() ) is closed 
in 0+ c , A u+ (h ) C /C+ +(ho) and 

For the proof of Theorem [3] we need two propositions. The first proposition establishes 
a dissipative estimate of the form (12 . 1 8[) for our problem 

Proposition 1. Assume (Wl) holds and that ho G L 2 6 (0,oo; V div ). Then, for all h G 
"H + (h ) we have JC^ C W b and the following dissipative estimate holds 



/w(T(t)w,0) < c/4 + (w,0)e"' + A , Vt > 1, (2.40) 



2 



for all w G /C^- Here A , k and c are positive constants (independent ofw) that depend 
on W , Q, v with only A depending on the norm ofh Q in Lf b (0, oo; V div ). In particular k 
can be given by k = min(^, 2k, where Ai is the first eigenvalue of the Stokes operator 
and f], k are such that f!2.35j) holds. 

Proof. Take now w G /C^, with h G 'H+(ho). Recalling the definition of the energy £ 
(I2.17p . using (I2.35P and Poincare inequality we have 

|| - Ad + V d W(d)|| 2 + ^||Vu|| 2 > kS(w) -I, w=[u,d] (2.41) 

where k = min(^, 2/t, z/Ai), Ai being the first eigenvalue of the Stokes operator, and / 
(depending on Q, W only) is the same as in (12.351) . 

Therefore, by combining f)2.4ip with the energy inequality (" 12 . 16[) we deduce that w 
satisfies the integral inequality 

8(w(t))+k I £(w(r))dr<l(t-s) + ^- [ ||h(r)||^ dr + S (w(s)) + k f £(w{r))dr, 
Jo 2u Js div Jo 

(2.42) 
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for all t > s and for a.e. s G (0,oo). We can now apply a suitable modification [L2| 
Lemma 1] of an integral Gronwall lemma due to Ball P, Lemma 7.2] and deduce that 

£(w(t)) < S(w(s))e- k{t - s) + — f e- k ^(\\h(T)\\l, +2ul)dr, (2.43) 

2v J s V / 

for all t > s and for a.e. s G (0, oo). Notice that, due to the regularity properties of 
the solution, which imply that u G C w ([0, oo); Gdj„), d G C w ([0, oo); V) (and hence d G 
C([0, oo); L 2 (f2) 3 )), and to the fact that, thanks to (I2.13p . W is a quadratic perturbation 
of a convex function, then £(w(-)) : [0, oo) — > R is lower semicontinuous. 
Hence 

S(w(t))<e k sup ^(w( S ))e- fct + ^ /" e"^ ( ||h(r) + 2z//W 

.6(0,1) 2 W V *" 7 

< e k sup ^(w(s))e- fc * + K 2 , Vt > 1, (2.44) 

s6(Q,l) 

where 

^ = jfc + 2z/(l-e^) l|ho|l ^(°^ v ^)- 
Now, observe that due to (I2.34p we have 

£(w) > c 6 (||u|| 2 + ||d||^ + J W(d)) - c 7 , (2.45) 



and 



1„ ,„ 1 



sup S(w(s)) < ^Hullioo^i-G^) + ^||Vd|| 2 ^ (0il;L2(n)3 x 3) + sup / W(d(s)) 

36(0,1) A A s6(0,l) Jn 

< cp 2 (w, 0), Vw = [u, d] G W+ (2.46) 



Henceforth in this proof we shall denote by c a nonnegative constant, which may vary 
even within the same line, that possibly depends on W, Q and u, but is independent of 
w and ho. 

By combining ([2T45]) and (12T46]) with (12T44|) we get 



|u(t)|| + ||d(t)|| v + (^iy(d(t))) 1/2 < cp w +(w,0)e-i t + cK 



+ c, Vt > 1, (2.47) 



and hence 

1/2 

L°°(0,oo) 

< cp w +(w, 0)e"^ + + c, Vt > 1. (2.48) 

b 



\\T(t)u\\ Lao(0jOo . Gdiv) + ||r(t)d|| L cc ( o,oo;V) + / W(T(t)d 



n 
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From the energy inequality ( 12. 16[) we have 

(ll " Ad + V d W(d)\\ 2 + ^||Vu|| 2 )dr 
< S(w(t)) - £(w(t + 1)) + i- ||h(r)||^dr, (2.49) 

for a.e. t > 0. 

Notice that, thanks to the convexity of W\ and to the assumption (12.131) on W2, we 
have 

II - Ad + v d w(d)|| 2 > ~|| - Ad + VdW^^d)!! 2 - ||v d jy 2 (d)|| 2 

>^|-Ad + d|| 2 -i||d|| 2 -||V d ^ 2 (d)|| 2 

> ~|| - Ad + d|| 2 -c||d|| 2 -c, (2.50) 
and therefore (1219]) and (1217]) entail 

(^l|d(r)||^ (n)3 + ^||Vu(r)|| 2 )rfr < ^(w, 0)e" fc * + ciT 2 + c, Vt > 1, 



(2.51) 



which implies that 



\\T{t)d\\ L 2 b{0>oo . H2{m + \\T(t)u\\ L2tb{0tOO . Vdiv) < cp Wb+ {w,0)e-^ + cK + c, Vt > 1. 

(2.52) 

Now, recall that, due to the interpolation inequality 

L°°(0, M; L 2 (n)) n L 2 (0, M; L 6 (fi)) C L 4 (0, M; L 3 (fi)) 
and to the regularity property of the solution, we have that 

u-Vd, d-VuGL 2 oc ([0,oo);L 3 / 2 (fi) 3 ), 

and so 

ll U ' Vd|| L 2(i i i +1 . L 3/2( n) 3) < ||u|| L 4( t)t+1 . Z 3(n)3)||Vd||i4( t)t+ l. i 3(n)3x3) 

< c(\\u\\ L oo( t<t+1 . Gdiv) + ||u|| L 2( M+1; v dlt ,))(||d|| i0 o (M+1; v) + ||d|| L 2 (tii+1;H 2 (n) 3)), 

and 

l|d • Vu|| X 2( M+1 . Z 3/2(Q)3) < clldllioo^t+i.vjllull^^t+i.v^)- 
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By using (12. 47p and (I2.5ip we hence get 

ll u ' Vd|| L 2 (M+1;L3 / 2{Q) 3 ) + ||d • Vu|| L2(M+1;L 3/2 (Q) 3 ) < cp 2 w + (w, 0)e~ fc * + cK 2 + c, (2.53) 
for all t > 1. Furthermore, from (I2.49P and (I2.47P we have 

|| - Ad + VW(d)\\ L 2 (tjt+1;L 2 im <c Pw +(w,0)e-^ + cK + c, Vt > 1. (2.54) 
Therefore, by using fll.2p . (I2.53P and (I2.54p we obtain 

l|d*||L2( t , t +l;L3/ 2 (Q)3) < Cp^+(w,0)e-^ + CK 2 + C, Vt > 1, 

and from this last inequality 

ll^(*)dt||£? b (o,oo ; x»/»(n)3) <cp^ + (w,0)e-^ + cii: 2 + C , Vt > 1. (2.55) 
Finally, observe that the regularity properties of the solution also entail 

u®u, VdOVd, (Ad-V d ^(d))®dGLL([0,oo);L 3 / 2 (fi) 3x3 ), (2.56) 
and we have 

ll u ® u llL 2 (t,t+i;i 3/2 (^) 3x3 ) - ll u lll 4 (i,t+i;i 3 (^) 3 ) - C (\\ U \\L°°(t,t+l;G dlv ) + ||u|| L 2(t,t+i;V dl „)) 2 , 

(2.57) 

||Vd0Vd|| L 2 (tim . L 3/2 (n) 3x3 ) < \\Vd\\l Ht>t+ 

1;L 3 (C) 3 ) 

< c(||d|| L oo( M+1;V ) + \\d\\ L 2( t}t+1;H 2( n yi)) 2 , 

and 

||(Ad-V d ^(d))®d|| L2(t 

< || (Ad - VdW(d))|| £ 2 (tim . r 2( n ja)||d||z,«.( tit+ i.v). 
Therefore, from the variational formulation (I2.1ip for the equation of the velocity we get 

ll U t|li2(^ + l ;W -l,3/2(n)3) < || U <g> u|| i 2( M+1;i 3/2( C )3x3) + C/i 1 1 U 1 1 L 2 ( tj4+1; ) 

+ ||Vd0Vd|| L2(tim ;£3/2(Q)3X3) + ||(Ad-V d ^(d))®d|| L 2 (M+1 ;i3/2(n)3X3) 

+ ||d ® (Ad - V d W(d)) 11x2(^.^/2(^3x3) + cllhUra^t+uv^). (2.58) 

By combining (I2.58P with the previous estimates and with (I2.47p . (I2.5ip and with (I2.54p . 
we easily obtain 

Kllz^t+w- 1 * 3 / 2 ^) 3 ) - c Pw+( w '°) e ~^ + cR2 + c ' vt - x > 

whence 

II^uJl^o.co^-^/W) <cp 2 w +(w, 0)6-1* + cK 2 + c, Vt > 1. (2.59) 

Collecting now (J23ED, (12331) an d ( 1239]) we deduce that /C+ C W 6 + and that (g30D 

holds with A = cK 2 + c. □ 
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The next proposition states that {/C^ f }hez- 2 (o,Af;V ) is (9m, L 2 (0, M; V^))— closed 
and {JC^} heL 2(Q jM . Gd .^ is (Q M , ^4(0, M; G rfiv )) -closed, for every M > 0, under the fur- 
ther assumption (W2) on W. 

Proposition 2. Suppose that (Wl) and (W2) hold. Let w m := [u m ,d m ] G K.^ be such 
that {w m } converges to w := [u, d] in 6m and {h m } be such that one of the following 
convergence assumptions holds 

(a) h m G L 2 (0,M; V^J and h m h ; sironofy zn L 2 (0,M; V^J, 

(b) h m G L 2 (0, M; GW„) and h m — ^ h ; weakly in L 2 (0, M; Gdiv)- 
Thenw G /C^. 

Proof. Since w m = [u m , d m ] G /Cjf , then, every weak solution w m is such that: (i) the 
regularity properties (12.7p - (j2.1Qp hold for each solution w m , (ii) the weak formulation 
(12. lip for u m corresponding to the external force h m and (jl.2p , (12. 5p for d m are satisfied, 
and (iii) the energy inequality 

S(w m (t)) + j (|| - Ad m + V d ^(d m )|| 2 + z/||Vu m || 2 )dr <£{w m {s)) + J (h m ,u m )dr 

(2.60) 

holds for every m G N, for all t and a.e. s with t > s and s, i G [0,M]. The weak 
convergences (I2.20p - (I2.23I) imply that the sequence {u m } is bounded in L°°(0, M;Gdi V ), 
the sequence {d m } is bounded in L°°(0,M; V) and hence also in L°°(0, M; L 6 (fi) 3 ). The 
growth assumption (W2) then entails 

|£(w m (s))| < c, 

for every m and a.e. s G [0, M]. Therefore, by using (I2.60p and the convergence assump- 
tion for the sequence {h m } we deduce that 

|| - Ad m + Vdiy(d m )|| L 2 (0iM;i 2 (n) 3) < c. (2.61) 

Since, by (12.22p the sequence {— Ad m } is bounded in L 2 (0, M; L 2 (Q) 3 ), then we infer that 
{VdW(d m )} is bounded in L 2 (0, M; L 2 (Q) 3 ) as well and therefore, up to a subsequence, 
VdW{d m ) — ^ G weakly in L 2 (0, M; L 2 (f2) 3 ). Since we also have, as a consequence of 
the convergences fl 2 . 2 2 j) . (12.23P and of Aubin-Lions lemma, that d m — > d strongly in 
L 2 (0, M; V), we deduce that G = V d W(d). 

It is easy to check that w = [u, d] is a weak solution corresponding to the external 
force h. Indeed, we can take p G P(f2) 3 with divip = 0, write the variational formulation 
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(12. lip for u m and equation (II. 2p for d m and pass to the limit as m — > oo. Then we can 
use the weak convergences (I2.20l) - (l2.23p which imply the strong convergences u m — » u 
in L 2 (0, Af; G div ) (and hence u m ® u m -»■ u ® u in 1/(0, M; L 1 ^) 3 * 3 )), Vd m -»■ Vd in 
L 2 (0, M; L 2 (f2) 3x3 ) and also the assumed convergence for the sequence {h m } to conclude 
that u satisfies the variational formulation ( 12. lip with external force h for every test 
function (p G V(Q) 3 with divip = 0, and that d satisfies (ll.2p . By density and (I2.56p . the 
weak formulation for u is satisfied also for every ip G Wq'\VL) with divy? = 0. 

It remains to prove that w satisfies the energy inequality ( I2.16P with external force h on 
[0, M\. Let us first assume the convergence condition (a) for the sequence {h m }. We then 
consider ( I2.60p . pass to the limit as m — > oo, use the strong and weak convergences for the 
sequences {u m }, {d m } and, on the left hand side of the inequality, the lower semicontinuity 
of the L 2 (0, M; L 2 (Q)) — norm and Fatou's lemma for the nonlinear integral term. On the 
right hand side we use the fact that, since, by Aubin-Lions lemma, we have the compact 
and continuous embeddings 

L 2 (0, M; H 2 (n) 3 ) n H\0, M; L 3/2 (fi) 3 ) m-M- L 2 (0, M; H 2 - 5 ({1) 3 ) ^ L 2 (0, M; C(U) 3 ), 

(2.62) 

for < 5 < 1/2, then, up to a subsequence, we have d m (s) —> d(s) in C(Q) 3 for a.e. 
s G [0, M] and therefore 

/ W(d m (s)) -> / W(d(s)), a.e. s G [0,M]. 
Jn Jn 

We hence recover (12.161) for w with forcing term h. 

On the other hand, if (b) holds, we can argue as in [4, Chap. XV, Prop. 1.1] and 
exploit the strong convergence u m — > u in L 2 (0, M; Gdw) which implies 

J (h m (r), u m (r))dT ->■ J (h(r), u(r))dr, as m oo. 

In both cases (a) and (b) we therefore conclude that w G /C^f • 

□ 



Proof of Theorem By Proposition [T] the ball 

B W +(0,2A ) := {w G W+ : p w +(w,0) < 2A } 

is a uniformly (w.r.t. h G H+(h )) absorbing set for the family {/C^}hew+(h )- Such ball is 
also precompact in 0^ c . The first part of Theorem [2] entails the existence of the uniform 
(w.r.t. h G K+(h )) trajectory attractor Au + (h ) C -B w +(0, 2A ). This set is compact in 
0^ c and, since T(t) is obviously continuous in 6^ c , ^4K+(h ) is a l so strictly invariant. 
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Furthermore, assuming also (W2) and that h is tr.-c. in Lf oc ([0,oo);Y' div ) or h G 
Lf b (0, oo; Gdiv), then Proposition [2] implies that {/C^ }he«+(h ) is (@^ c ; %+(ho)) — closed 
when (W2) holds true. Since ^ + (h ) is a compact metric space, then /C^ + ( ho ) is closed 
in 0^ c and the second part of Theorem [2] allows to conclude the proof. □ 

2.3 The trajectory attractor for a polynomial potential W 

The results on the existence of the trajectory attractor and on its closure property can be 
recovered under alternative functional setting and assumptions on the potential. Indeed, 
let p > 2 and for every M > introduce the space 

W PtM : = { [u, d] G L°°(0, M; G dtv x (V n L P (Q) 3 )) n L 2 (0, M; V dro x # 2 (fi) 3 ) : 

u t G L^O.M;^- 1 ' 3 / 2 ^) 3 ),^ G L 2 (0,M;L 3 / 2 (fi) 3 )}. (2.63) 

The topology O p ,m on W Pi jvf is now chosen to induce the following notion of weak con- 
vergence: a sequence {[u m ,d m ]} C W Pi m is said to converge to [u, d] G Wm in p ,m if 
(E2DD-(E23D hold and if in addition 

d m d weakly* in L°°(0, M; L p (fi) 3 ). (2.64) 

Then define 

W£ oc :={[u,d] G L~([0,oo);G^ x (V n L^) 3 )) n L 2 OC ([0, oo); V dlv x tf 2 (fi) 3 ) : 

u, G ^([O,^);^- 1 ' 3 / 2 ^) 3 ),^ G L 2 oc ([0,oo);L 3 / 2 (fi) 3 )}, (2.65) 

endowed with its inductive limit topology 0+ loc , and 

W+, :={ [u, d] G L°°(0, oo; x(Vn L p (fi) 3 )) n L 2 ,(0, oo; V div x # 2 (fi) 3 ) : 

u, G L 2 6 (0,oo; W- 1 ' 3 /2( fi )3 ))dt G L 2 ,(0,oo;L 3 / 2 (fi) 3 )}, (2.66) 

which is now a Banach space with the norm 

Il w l — W 2 || w + 6 := ||Wl — W2||z / oo( 0]OO;Gd . ijX ( Vni p( C )3)) + ||Wl — W 2 || L 2 ) (o,oo;V d „,xH 2 (Q)3) 

(2.67) 

+ ||( u l)t - ( U 2)Jz4 (0jOO;W -i,3/2( n )3) + ||(di) t - (d 2 ) t \\ L^ b (0,oo;L3/2(Q)3), (2.68) 

for every Wi = [u 1 ,d 1 ],w 2 = [u 2 ,d 2 ] G Vl£~ 6 . On the potential W we now need the 
following assumption 
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(W3) There exist two positive constants C\, C2 and p G (2, +00) such that 

^i(|d| p - 1) < W(d) < C 2 (l + |d| p ), VdGM 3 , (2.69) 

Remark 4. Let us note that assumption (W3) is satisfied with p = 4 in the standard 
double-well potential case W(d) = (|d| 2 — l) 2 . 

For every h G L 2 OC ([0, 00); ~V' div ) the trajectory space K,p h can be defined exactly as in 
Definition [4] with the additional requirement that 

dGL-([0,oo);L^) 3 ). (2.70) 

Thanks to (W3), then, if assumptions (12.121) . fl 2 . 1 3 [) are satisfied, Theorem [T] ensures 
that for every w = [u ,d ] such that u G V d j„, d G V fl L p (fl) 3 and every h G 
L 2 OC ([0, 00); ~V' div ) there exists a trajectory w G /Cp h such that w(0) = w . Furthermore, 
the space )C^ h of trajectories on the interval [0, M] can be defined in an obvious way, as 
well as the united trajectory space 

SU+Cho) := U 

h6H+(h ) 

In place of (Wl) on the potential W we shall therefore make the following assumption 

(Wl)* W satisfies (gH , (I2TT3D . and (l2~m 

Instead of Theorem [3] we can now prove the following 

Theorem 4. Assume that (Wl)* and (W3) hold and that h G L 2 fe (0, 00; V div ). Then, 
{T(t)} acting on ^J~% + (h ) possesses the uniform (w.r.t. h G H + (h ) y ) trajectory attractor 
A p fli+(\i )- This set is strictly invariant, bounded in Wp b , compact in Op ioc - In addition, 
if h is tr.-c. in L 2 oc ([0,oo); V div ) or h G L 2 b (0, 00; G dit) ) ; £/&en /C+ w+(ho) c/osed m 

©ioc; ^P,«+(ho) C ^ +(h0 ) and 

Similarly to Theorem [31 Theorem H] is a consequence of two propositions. The first one 
concerns with a dissipative estimate, and the second one establishes the closure property 
of the space of trajectories. 

Proposition 3. Let (Wl)* and (W3) be satisfied and assume that h G L^ b (0, 00; V div ). 
Then, for every h G H+(h ) we have /C^ h C W^ 6 and 

\\T(t)w\\ w+ < r(||w|| w+ )e" CTt + r , V* > 1, (2.71) 

p,b p,o 
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for every w G Kz^. Here, Tq, a and V are two positive constants and a monotone positive 
increasing function, respectively, (independent ofw) that depend on W, Q, v andp, with 
only T depending on the Lj b (0, oo; V div ) — norm ofh . 

Proof. The proof is analogous to the one of Proposition[T]with some modifications. Indeed, 
it is easy to check that estimate f)2.35p still holds and also that fl2.4ip - fl2.44p can be 
rewritten. On the other hand, 02.45 1) and (12.461) will now be replaced by 

£(w) > c 6 (||u|| 2 + \\d\\ 2 v + ||d||^ (n)S ) - c 7 , (2.72) 



sup £(w(s)) < -||u||^oo (0jl;Gdiu ) + -||Vd||^ oo(0)1 . L 2 (n) 3x3) + c 8||d||^ (0il;iP(n)3) + c 9 , 
se(o,i) 

(2.73) 

respectively. Here all nonnegative constants q depend possibly on W, Q, v and p, but do 
not depend neither on the solution w, nor on ho- Hence, in place of (I2.47P we get 

!|u|| 2 + l|d|lv+ l|d|li P(n)3 

< c io(|l u lli°°(o,i ; G di „) + ll^d||| t3 o( 0j i;i2(Q)3x3) + l|d||£oc»(o,i;Z,!>(n) 3 )) e kt + K 2 + C 11j Vt > 1, 

(2.74) 

the constant K being given as in the proof of Proposition [TJ Hence we have 
||T(t)u|| L oo( 0iOO;Gdii; ) + || T(t)d || loo( 0jOO . V ) + ||T(t)d|| iO o( 0iOO;LP (Q)3) 

/ ||jD/2 \ — t 

< ci 2 M|u|| i oc.(o ) i ; G dto ) + ||Vd|| L cx.( 0!l . Z 2( n )3x3) + lldll/^-^p^Je v +K + c 13 , Vt > 1. 

(2.75) 

Once we have f)2.75p . for the remaining part of the proof we can argue as in the proof 
of Proposition [TJ At the end we arrive at (I2.7ip with a = k/p, T(R) = cuBP and 
r = c 15 K 2 + ci 6 . □ 

Proposition 4. Assume that (Wl)* and (W3) are satisfied. Let w m := [u m ,d m ] G 
/Cp f hm be such that {w m } converges to w := [u, d] in 6 Pj m and assume that {h m } and h 
satisfy (a) or (b) from Proposition^ Then w G /Cp f h . 



Proof. The argument is the same as in the proof of Proposition [2j The only difference is 
that now, once we write f)2.6(jp . the control |£(w m (s))| < c for all m and for a.e. s G (0, M) 
is ensured by the weak* convergence f)2.64p . □ 
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3 The case of non-homogeneous Dirichlet boundary 
conditions for d 



Let us now consider the physically relevant case of non-homogeneous Dirichlet boundary 
condition for d 

d| r = g, (3.76) 
where the boundary datum g is supposed to be at least such that 

g g HIM «0; tf' 1/2 (r) 3 ) n LlM °°); # 3/2 (r) 3 ) . 

This condition, together with (12.291) . (I2.30P and with the compatibility condition 

d |r = g(0), 

ensure the existence of a global in time weak solution on [0, oo) corresponding to u , d 
and g, h with the regularity properties fl2.7p - fl2.10p and satisfying the following energy 
inequality (cf. [3]) 

£(w(t)) + J (|| - Ad + V d W(d)|| 2 + z/||Vu|| 2 )dr 

<£(w(s)) + / (g t ,d n d) H -i/2 {r y ixH i/2 {ryi dT + / (h,u)dr, w:=[u,d] (3.77) 

J s J s 

for all t > s, for a.e. s G (0, oo), including s — 0, where the energy functional S is the 
same as for the case of homogeneous Neumann boundary condition for d (cf. Theorem 

D). 

We can recover the result on the existence of the trajectory attractor also for the case 
of non-homogeneous boundary condition for d, assuming that either (Wl) or (Wl)* and 
(W3) holds for the potential W. Indeed, if (Wl) holds, introducing the spaces Wm, W^ c 
and Wjj~ defined as in (12.191) . (12.241) and (12.251) . respectively, we can define the trajectory 
space /Cg h of system (Il.ip - fl2.4p . (13.761) with boundary datum g and external force h as 
the set of all weak solutions w = [u, d] on the time interval [0, oo) to this system satisfying 
the energy inequality (I3.77P for all t > s and for a.a. s G (0, oo). On the other hand, 
if (Wl)* and (W3) hold, the spaces W PiM , W+ loc and W+ 6 , defined as in (JM3D , fl235D 
and (12.661) . respectively, can be introduced and the trajectory space K-p g h can be defined 
in a similar way. The definition of the trajectory spaces /C*^ h and K.^ g h on the bounded 
time interval [0, M\ is obvious. 

Let us now introduce the symbol spaces for the Dirichlet datum g 



-M 



{g G C([0,M];F 3 / 2 (r) 3 ) : g t G L 2 (0, M; F"^^) 3 )}, 
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5+ c := {g G C([0, oo); tf 3 / 2 (r) 3 ) : g t G L 2 OC ([0, oo); /T^r) 3 )}, 

and also 

S£c,™ : = {S e C7([0, oo); 3 / 2 (r) 3 ) : g t G LL, J[0, oo); ^(T) 3 )}. 

Take then 

go tr.-c. in C([0, oo); if 3 / 2 (r) 3 ), «9 4 g G L 2 6 (0, oo; fT 1 / 2 ^) 3 ), (3.78) 
so that go is tr.-c. in S^ cw and set 

ft + (go):=[{T(t)g o ,t>0}U . (3.79) 

fOC,10 

We shall also assume that g is tr.-c. in S^ c . It can be proved that in this case the hull 
of go (defined as in (13.791) with the closure in H^ c ) coincides with the hull "H + (g ) defined 
as in f)2.3ip . The united trajectory spaces are now given by 

^ + (go)xtt+(h ) = U ^g,h> 

ge« + (go),heW+(ho) 

or by 

^«+(g )xH + (h ) = U ^g,h' 

ge« + ( go ),he« + (ho) 

We therefore can state the following 

Theorem 5. Assume that (Wl) f(Wl)* and (W3)) holds and that g is tr.-c. in 
C([0,oo);# 3 / 2 (r) 3 ) with d t g G L^(0,oo;£T-V 2 (r) 3 ), and h G L 2 b (0,oo; V div ). Then, 
{T(t)} acting on /C+ +(g())xH+(ho) (JC+ H+{go)xH+{ilQ) ) possesses the uniform (w.r.t. [g, h] G 
H+(g ) x n + (h )) trajectory attractor A n+ ( gQ)xH+ ( ho) (A p , n+{go)xn+{ho) ). This set is 
strictly invariant, bounded in W b (Wp b ) and compact in 0^ c (Qp loc )- In addition, if 
(W2) holds (or if (Wl)* and (W3) hold), if go is tr.-c. in and if h is tr.-c. in 
£L([0,°o); V div ) or h G L 2 tb (0, oo; G dfo ) ; i/ten £+ +(go)xW+(ho) ^« + (g o) x« + (h )^ 25 c/osec? 
m 9, 0C (<dpj oc ), An + ( so )xH+(ho) c ^ +(go)xM+(ho) Mp,«+(go)xtt + (ho) c £ p ,w + ( go )x« + (ho)^ 
and 

^■H + (go)xH + (h ) = A,(« + (go)x« + (h )) (A>/H+(go)xtt+(ho) = A^CH+(go)xW+(h )))- 

Proof. We can easily recover a dissipative estimate of the form (I2.40p (or (12.7ip ) and also 
the closure property of the space of trajectories. Let us start by proving the dissipative 
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inequality, taking, e.g., assumption (Wl). First observe that, due to the convexity of W\ 
and to (I2.33p . we have 

|| - Ad + W d W{d)f > i||Ad|| 2 + J- jf Wt(d) - 

- J^d n d • v d wi( g ) - ||v d iy 2 (d)|| 2 . (3.80) 

Observe that, since W\ G C^(M 3 ) and d G H 2 (tt), then it is not hard to prove that the 
trace of V d Wi(d) on F is V d Wi(g). By using trace and if 2 — elliptic regularity estimates 
we can write 

|(gt, 9 ra d)| H -i/2 (r) 3 X HV2(r)3 < llgtllfr-vz^sll^ndll^i^^p 

< ai||gt||H-va(r)3||d||fla(n)3 < a 2 ||gt||fj-i/2(r)3 (|| Ad|| + ||g|| H 3/2 (r)3 ) 

< ~||Ad|| 2 + 2a 2 ||g,||^_ 1/2(r)3 + ||g|||3/ 2(r) 3, (3.81) 
and the boundary integral term in (13.801) can be estimated as 

|(d„d, VdWtfe))! < a 3 (||Ad|| + ||g||H3/ 9cr) 3)||V d Wi(g)|| La( r)3 
< ^||Ad|| 2 + a 4 ||g||^/ 2(r) a+a4||V d ^ 1 (g)||i 2(r) 3. (3.82) 

Henceforth we shall denote by a, some nonnegative constants which depend only on Q 
(like a>i for i — 1, • • • , 6) or on Q and W. 

Take now w G /C+ h with g G ^+(g ) and h G H+(h ). Then, plugging fl3~80|) - fl3T82|) into 
(13.77P and using also the elliptic estimate 05||d||y- < ||Ad|| 2 + ||g|| an d Poincare 
inequality for u, we obtain 

*(w(f)) + {f ||Vd|| 2 + ±-J a Wl (d) + |||d|| 2 - fi - || V d ^ 2 (d)|| 2 + ^||u|| 2 }rfr 

< £(w(s)) + y {2a 2 ||g t ||^_ 1/2(r)3 + a 6 ||g||^ 3/ 2 (r) 3 

+ a 4 ||V d Wi(g)||i 2(r) 3 + — ||h||^}dr, 

for alH > s and for a. a. s G (0, 00). On account of ( 12 .34ft and of the assumption on W2 
we can now choose a? and a§ (depending on Q and also on W) such that 

i-WMd) + ^|d| 2 - i - |V d ^ 2 (d)| 2 > a 7 H/(d) - a 8 . 

We are thus led to the following inequality 

£(w(t)) + k' £(w(r))dT<l'(t-s)+ / m(r)dT + S(w(s)) + k' £(w(r))dr, 

JO J s Jo 

(3.83) 
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for all t > s and for a.a. s G (0, oo), where k' = min(a5/2, 0,7, Xiv), I' = a&\fl\ and 

m(t) := 2a2||g,(t)||^ 1/2(r)3 +a 6 ||g(t)||^ 3 / 2(r) 3 +a 4 ||V d ^ 1 (g(t))||i 2(r)3 + — ||h(t)||^. 

(3.84) 

Once we have (13.831) . it is not difficult to argue as in the proof of Proposition [T] (notice 
in particular that an estimate similar to (I2.5ip can be obtained in this case by exploiting 
once again the elliptic regularity estimates for d already used above). In particular, it 
easy to check that, due to the assumption (13.781) on g , for every g G H + (g ) we have 

I|g||l4(o,oo;.ff3/ 2 (r) 3 ) - llgolL^O.oo;/^^) 3 )? II <%g || L^oo^H- 1 / 2 ^) 3 ) < 1 1 ^tgo 1 1 Z,^ (Q.oo;^- 1 / 2 (r) 3 ) 
||V d Vri(g)|| L 2 b(0iOo . L 2 (r) 3 ) < ||V d W / l(go)||L2 b (0,oo;L2(r)3)- 

Therefore, we can first prove that /Cg h C and then recover an inequality of the form 
(I2.40p . with k! in place of k and with Ao depending on the constants aj and on the norms 
l|go||L 2 6 (o,oo;^/2( r) 3), 11^011^(0^.^-1/2^)3), ||Vd^i(go)||L 2 b (o,oo ; L2(r)3) and Hholl^^^.v^j. 
If assumption (Wl)* and (W3) hold in place of (Wl) we can argue as above and as in 
Proposition [3] and recover a dissipative estimate in the form (12.711) . where the constant 
To now depends also on the above norms of go, <9 4 go and VdW / i(go)-We omit the details. 

Let us now prove the closure property of the space of trajectories, assuming first, e.g., 
assumptions (Wl) and (W2). Let g m G E M , h m G L 2 (0, M;\' div ) and w m G /Cg roi h m 
with w m := [u m , d m ] such that w m w in Q M , h m -> h in L 2 (0, M; V' div ) and g m ->• g 
in Em- Then, we claim that w G JC* h . Indeed, we can argue as in the proof of Proposition 
[2j In particular, in the energy inequality ( I3.77p . written for each w m and corresponding 
to g m and h m , the second term on the right hand side can be estimated as 

J (dtg m ,d n d m )dT < c||9 t g m || i 2( 0jAf . H -i/2( r )3)||d TO || jL 2( Q)M . i? 2(n)3) < c, 

for all t G [0, M] and a.a. s G [0, M\ with t > s, due to the convergence assumption on 
the sequence {g m } and to (12.221) . Hence, using (W2) and the convergence assumption on 
{h m } we again infer that the right hand side of (13.771) is bounded and recover the control 
( I2.6ip . In order to prove that w is a weak solution corresponding to g and h satisfying 
the energy inequality (13.771) . we notice in particular that the convergence assumption on 
{gm} and (12.221) imply that d| r = g and furthermore that 

(dtg m , d n d m )dr / (d t g,d n d)dr. 

J s 

Hence {/C^ h } geSMiheL 2 (0>A / ;V ^) is (6 A f,S M x L 2 (0, M; V^))— closed. 

Furthermore, if the convergence assumption on {h m } is replaced by h m — h, weakly 
in L 2 (0, M;Gdiv), then, arguing as in [4, Chap. XV, Prop. 1.1] (cf. end of the proof 
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of Propositions]), we can still conclude that {£^ h } geHMjheL 2 (o,M ; G dto ) is (Oa/,S m x 
L 2 w (0,M;G div )) -closed. 

Finally, if (Wl)* and (W3) hold, it is easy to check that {^^ S! h}s&s M ,h€L 2 (p,M;V . ) is 
(0 p>A f,S M x L 2 (0,M; V^J) -closed and that {/C^g h } geHMiheL 2 (0 ,A/;G di „) is (© p ,m, S M x 
L 2 (0, M; G(K„))— closed, by the same argument as above and Proposition HJ This con- 
cludes the proof of Theorem [5] . □ 

Remark 5. If (Wl)* and (W3) hold the same conclusions of Theorem [5] still hold under 
a different assumption on the Dirichlet datum g . Indeed, suppose that W\ satisfies the 
additional assumption 

|V d Wi(d)| < C 3 (l + W' 1 ), Vd G R 3 , p>2, (3.85) 

(compare with (W3)), and introduce the symbol space 

:= {g G Lt7 2 ([0,oo);H^(Tf) : B G L 2 OC ([0, oo); ^(T) 8 )}, 

and also 

ZL, W ■= {g e L£-*([0,oo); ^ 3/2 (r) 3 ) : gi G ^L,.([0,oo);F-^(r) 3 )}. 
Assume that 

go G L t 2 r 2 (0, oo; 3 / 2 (r) 3 ), gi G L 2 tb (0, oo; i/^r) 3 ). 

Then, if we define the hull "H + (go) as in (I3.79P with now the closure in S^ CU) , by ar- 
guing as in the proof above and using assumption (I3.85|) in (13.821) . we can still get a 
dissipative estimate in the form (I2.7ip with the constant To now depending on the norms 

l|go|| L ^- 2 (o,oo; J H-3/2 (r) 3 ) , \\dtgo\\L^ b (o,oo;H-^(r) 3 ) and II v d^i(go) ||x? 6 (o,oo;£2(r) 3 ) ■ Finally, as- 
suming in addition that d t go is tr.-c. in L 2 OC ([0, oo); if _1 / 2 (r) 3 ), then the closure property 
of the space of trajectories can be recovered as well. 

Remark 6. Notice that if w m — > w in 6m, then due to the compact embedding (12.621) . 
we have 

d n d m <9 n d, strongly in L 2 (0, M; H 1 / 2 ' 5 ^) 3 ), 

for every < 5 < 1/2. Therefore, as far as the closure property of the space of trajectories 
is concerned, the assumption on dtgo i n Theorem [5] could be replaced by 

d tg0 G L 2 tb (0, oo; ^-^(r) 3 ), < 5 < 1/2. 
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4 Further properties of the trajectory attractor 



Let us consider only the case of homogeneous Neumann boundary condition for d and refer 
to both functional settings and assumptions on the potential introduced in the previous 
section. The results of this section can be reproduced also for the case of non-homogeneous 
Dirichlet boundary condition for d without any difficulty (cf. Theorem [5]). 

We start to discuss some structural properties of the trajectory attractor. 

Denote by Z(h ) := Z(7i + (h )) the set of all complete symbols in u{T-L + {h )). Re- 
call that a function £ G Lf oc (M.; V^) is a complete symbol in u('H+(ho)) if H+T(t)G G 
w("H + (ho)) for all t G R, where 11+ = IT[o i00 ). It can be proved (see [5j Section 4] or [H 
Chap. XIV, Section 2]) that, due to the strict invariance of w("H + (ho)), given a symbol 
h G w("H + (ho)) there exists at least one complete symbol h (not necessarily unique) which 
is an extension of h on (— oo, 0] and such that U + T(t)h G u;("H+(ho)) for all t G R. Note 
that we have n + Z(h ) = u(T-L + (h Q )). 

Let us refer first to the functional setting introduced in Theorem [31 

To every complete symbol £ G Z(h ) there corresponds by [U Chap. XIV, Definition 
2.5] (see also [U Definition 4.4]) the kernel in W& which consists of the union of all 
complete trajectories which belong to W&, i.e., all weak solutions w = [u, d] : R — >• 
Gdiv x V with external force £ G Z(ho) (in the sense of Definition [1] with the interval 
[0, oo) replaced by R) satisfying (12.161) on R (i.e., for all t > s and for a.a. s G R) that 
belong to W&. We recall that the space (W&,PwJ is defined as the space (W^Pw ) (see 
(I2.25P and (12. 28p ) with the time interval (0, oo) replaced by R. The space (Wz oc , Qioc) can 
be defined in the same way. 



Then, if the assumptions of Theorem [3] hold we also have (see, e.g., Theorem 4.1]) 



and the set /Cz(h ) is compact in @i oc and bounded in Wb- 

On the other hand, it is not difficult to see that, under the assumptions of Theorem [3J, 
K c ^ for all C e Z(h ). Indeed, by virtue of [5, Theorem 4.1] (see also H Chap. XIV, 
Theorem 2.1]), this is a consequence of the fact that the family {/C^ }he-H + (h ) °f trajectory 
spaces satisfies the following condition: there exists R > such that £> w +(0, R) fl/C^" ^ 
for all h G H+(ho). In order to check this condition fix an initial datum wj = [ujj, dj], with 
Uq, dg taken as in Theorem[TJ We know that for every h G H+(ho) there exists a trajectory 
w h e ^-h suc h w h(0) = w o an d suc h that the energy inequality ( J2,16p holds for all 
t > s and for a.a. s G (0, oo), including s — 0. Arguing as in Proposition [TJ (cf. ( I2.43P 



Set 




-4«+(h ) — ^4oj(-H + (ho)) — n + /c 2 ( ho ), 
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written for s = and all t > 0) we get an estimate of the form p>v+( w h' 0) < A(wq, h ) 
(see also (I2.32p ). where the positive constant A depends on £(wq) and on the norm 
Hholl^ (o )00 ;v^ )• The above condition is thus fulfilled by choosing R = A(wQ,h ). 

In the case we consider the functional setting of Theorem HJ we can similarly introduce 
the kernel K, p ^ in W Pi &, with the Banach space (VVp t b, Pw p J always defined as the space 
(Wpb, Pw+J ( see (I2.66P and (I2.68P ) with the time interval (0, oo) replaced by R. The space 
(VVp^oc, O p ,ioc) can be defined in the same way from the space (W^ oc , 01" loc ). Hence, in 
this case, if the assumptions of Theorem @] hold, we have 

•A p ,H+(h ) = A>M«+(ho)) = n+/c Pi 2(h ) := n + [J ic p £, 

iez(h ) 

and the set JC p ^z(h ) is compact in Q Pt i oc and bounded in W Pt b- The proof that K, p ^ ^ 
for all £ G Z(Y\.q) is exactly the same as above. 

As far as the attraction properties are concerned, we observe that, due to compactness 
results, the trajectory attractor attracts the subsets of the family £>^ +( - ho ) (if we refer to 
Theorem [3]), or the subsets of K^)"^ ( ho ) bounded in Wp b (if we refer to Theorem H]), in 
some strong topologies. Indeed, set 

Xs ltS2 := H 8 ' {nf x H 1+52 (ft) 3 , Y 5u s 2 := H~ Sl (ft) 3 x H 5 * (ft) 3 , (4.86) 
Y s SiM ■= H- &1 (ft) 3 x (H s ' 2 (ft) 3 n L s (ft) 3 ) (4.87) 

where < Sx, 5 2 < 1 and 2 < s < p. Then, by using the compact embeddings 

L 2 (0, M; V div x # 2 (ft) 3 ) C H\0, M; W /_1 ' 3/2 (fi) 3 x L 3 / 2 (ft) 3 ) L 2 (0, M; X, 1)ia ), 

L°°(0,M; G di , x V) HH'^M; W~ 1,3/2 (Q) 3 x L 3 / 2 (ft) 3 ) ^ C([0, M];Y SljS3 ), 
L°°(0, M; Gdfo x (V n L p (tt) 3 )) n ^(0, M; W 1 ' 3 / 2 ^) 3 x L 3/2 (fi) 3 ) 

^C([0,M];Y| 1)& ), 

then Theorem [3] and Theorem |4] imply the following two corollaries (see [4, Chap. XIV, 
Theorem 2.2]) 

Corollary 1. Let (Wl) and (W2) hold and assume ho G L 2 b (0, oo; V^). Then, for 
every < 5i,#2 < 1 £/ie trajectory attractor *4.% + (h ) /rom Theorem [3] is compact in 
L 2 OC ([0, 00); X 5li 5 2 ) n C([0, 00); Y 5li< 5 2 ) ; bounded in L 2 b (0, 00; X 5lj5a ) C C b ([0, 00); Y^J, and 
for every B G £>-^ + ( ho ) «^<^ every M > we have, for t — > +00 

rf^i 2 (0,JWf;Xj ll , 2 )fn[Q ) Af|T(i)jB,II[o | Af]^l'H + (ho)J -> 0, 
^Sfe([0,M];Yj 1)j2 )(n[ ,Af|^(*)^,n[o ) M]^H + (ho)) 0- 
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Corollary 2. Let (Wl)* and (W3) hold and assume h G L^ b (0, oo; V div ). T/ien, for 
every < 61,62 < 1 and every 2 < s < p the trajectory attractor A p ^ + (h ) from Theo- 
rem^ is compact in L 2 OC ([0, 00); X^J fl C([0, 00); Y| &2 ), bounded in L^ b (0, 00; X^J D 
Cfe([0, 00); Y| i)( j 2 ) ; and for every B C /C* ^ (h ) bounded in W^ 6 and every M > we /jai>e, 
/or i — )■ +00 



rfisfc([0,M];Y| lii2 )(n[ 0) Af|T(t)S,n[o ) Af]^4p,W + (ho)) 0- 



In Corollary [T] and Corollary |2] we have denoted by distx(A -B) the Hausdorff semidis- 
tance in the Banach space X between A,BcX. 

Let us now define, for every B C ^-^ + ( ho ) and every £> p C ^p W+ ( ho ) , the sections 

:= { [u(t), d(t)] : [u, d] G 5} C Y 5l , fi2 , i > 0, 
:= {[u(f),d(t)] : [u,d] G B p ) C Y^ 2 , t > 0. (4.88) 

Similarly we set 

A H+ (h )(t) := {[u(*),d(t)] : [u,d] G ^ +(h0 )} C Yi lA , t > 0, 
/Cz(h )W := {[u(t),d(t)] : [u,d] G /C z(ho) } C Y 5lM , t G E, 
A,« + (h )(*) := {[u(t),d(t)] : [u,d] G A p , H+ {h )} C YJ^, t > 0, 
/C p ,z(h 0) (t) := {[u(*),d(t)] : [u,d] G /C p , z(ho) } c YJ lA , * G E. 

Then, as a further consequence of Theorem |3] and Theorem H]we have (see jH Chap. XIV, 
Definition 2.6, Corollary 2.2]) the following two corollaries 

Corollary 3. Let (Wl) and (W2) hold and assume that ho is tr.-c. in Lf oc ([0, oo); V div ) 
or h G Lf b (0, oo; Gr div ). Then the bounded subset 

A g i := A H+ (h o )(0) = fcz(ho)(0) 

is the uniform (w.r.t. h G H + (h )) global attractor in Y^^, < 5i,5 2 < 1, of system 
f ll.ip - fl2.5p . namely (i) A g i is compact in Y$ 1; g 2! (ii) A 9 \ satisfies the attracting property 

dist Ysi S2 (B(t),A g i) -»• 0, t +oo, 

/or every B G and (Hi) A g i is the minimal set satisfying (i) and (ii). 



29 



Corollary 4. Let (Wl)* and (W3) hold and assume that ho is tr.-c. in Lf oc ([0, oo); V div ) 
or h G L^ b (0, oo; Gdi V )- Then the bounded subset 

■A P ,gl ■= A,«+(h )(°) = £p,Z(ho)(°) 

is the uniform (w.r.t. h G "H + (h ) ) global attractor in Y| 5 , < 8%, 82 < 1 and 2 < s < p, 
of system fll.ip - fl2.5p . namely (i) A Pt9 i is compact in Y| 5 , (nj A Pt9 i satisfies the attracting 
property 

distY* {B p (t) , Ap, g i) -> 0, t ->■ +00, 

for every B p C fcp U+ tYy \ bounded in W^ 6 , and (^mj ^4 p ,c,« «s i/ie minimal set satisfying (i) 
and (ii). 
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